Published by Institute of Physics Publishing for SISSA/ISAS Received: June 14, 2002 Revised: August 08, 2002 Accepted: August 09, 2002

An orientifold of AdS_5 × T^{11} with D7-branes, the associated α^{′2}-corrections and their role in the dual N = 1 Sp(2N + 2M) × Sp(2N) gauge theory

Howard J. Schnitzer and Niclas Wyllard

Martin Fisher School of Physics, Brandeis University Waltham, MA 02454 USA E-mail: schnitzer@brandeis.edu, wyllard@brandeis.edu

Abstract: We study the N = 1 Sp(2N + 2M) × Sp(2N) gauge theory on a stack of N physical and M fractional D3-branes in the background of an orientifolded conifold. The gravity dual is a type-IIB orientifold of AdS_5 × T^{11} (with certain background fluxes turned on) containing an O7-plane and 8 D7-branes. In the conformal case (M = 0), we argue that the α^{′2}-terms localized on the 8 D7-branes and the O7-plane should give vanishing contributions to the supergravity equations of motion for the bulk fields. In the cascading case (M ≠ 0), we argue that the α^{′2}-terms give rise to corrections which in the dual Sp(2N + M) × Sp(2N) gauge theory can be interpreted as corrections to the anomalous dimensions of the matter fields.

Keywords: D-branes, AdS/CFT and dS/CFT Correspondence.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep082002012 /jhep082002012 .pdf

Contents

1. Introduction 1

2. Orientifolds of AdS_5 × T^{11} and their field theory duals 3

3. Stringy corrections I: the conformal case (M = 0) 4 3.1 Properties of embeddings 5 3.2 The α^{′2}R^2 terms in the world-volume theories 6 3.3 The equations of motion 8 3.3.1 The equation of motion for C_4 10 3.3.2 The equation of motion for Φ 10 3.3.3 The equation of motion for G_{MN} 11 3.4 Discussion of the result 13

4. Stringy corrections II: the cascading case (M ≠ 0) 14 4.1 The supergravity background 14 4.2 The beta function and the RG flow 15 4.3 The corrections to the equations of motion 16

5. Discussion 19

A. Some string scattering amplitudes 20 A.1 Scattering off a D-brane 20 A.2 Scattering off an O-plane 22

1. Introduction

The duality between string theory on AdS_5 × T^{11} and an N = 1 SU(N) × SU(N) gauge theory [1] (see [2] for a review) is one of the most interesting examples of a gauge/gravity dual pair because the field theory has the minimal amount of supersymmetry. Furthermore, since T^{11} is not locally S^5 the duality is not a simple extension of the basic [3] AdS_5 ×S^5 ↔ N = 4 SU(N) correspondence. A more recent motivation to study this model comes from the fact that it is possible to break the conformal invariance by adding fractional branes to the defining D3-brane configuration, thereby changing the gauge group to SU(N + M) × SU(N). In the gravity dual these fractional branes are replaced by certain fluxes. The modification of the model due to the addition of the fractional branes leads to several interesting features as demonstrated in [4] (following earlier work in [5, 6], see also [7, 8]; other models within the same universality class have also recently attracted attention, see e.g. [9]).

– 1 –

Recently, the α^{′3}R^4 corrections to the AdS_5×T^{11} supergravity background were studied and it was shown that these corrections do not change the background when M = 0 [10]. This result supports the AdS/CFT correspondence and leads to the conjecture that the AdS_5 × T^{11} supergravity solution (with a non-zero constant F_5 flux on T^{11}) should extend without modifications to an exact string theory background [10]. When M ≠ 0 the α^{′3}R^4 terms give rise to non-vanishing corrections to the background. It was argued in ref. [10] that the modification has an interpretation in the dual field theory as a correction to the anomalous dimension of the matter fields.

In this paper we study the N = 1 Sp(2N +2M)×Sp(2N) gauge theory on a stack of N physical and M fractional D3-branes in the background of an orientifolded conifold. This model has the following matter content: 2(□, □)⊕4(1, □)⊕4(□, 1), i.e. two bifundamentals, and 4 fundamentals for each of the two factors of the gauge group. The gravity dual is a type-IIB orientifold of AdS_5 × T^{11} containing an O7-plane and 8 D7-branes [11, 12]. The fact that the orientifolded model contains D7-branes leads to several novel features not present in the unorientifolded model. One such feature is that both the coincident D7- branes as well as the O7-plane have α^′ corrections localized on their world volume. The main theme of this paper is the study of the leading order corrections, which as we will see later occur at order α^{′2}. These corrections thus appear at a lower order in the α^′ expansion compared to the bulk α^{′3} terms. Since the charge of the D-brane is proportional to the inverse of the string coupling constant [13] these corrections also appear at a different order in the string coupling constant expansion. We argue that in the M = 0 case (when the field theory is a superconformal theory) the α^{′2} terms give vanishing corrections to the equations of motion for the bulk fields. Our results are suggestive, but because of the lack of knowledge of the corrections to the equations of motion involving the Ramond-Ramond five-form gauge field F_5 we are unable to completely prove the result. The vanishing of the corrections would provide evidence that the orientifolded background with eight D7-branes is an exact string theory background and would also support the AdS/CFT correspondence between string theory on AdS_5 × T^{11}/Z_2 and the dual N = 1 Sp(2N) × Sp(2N) gauge theory. A determination of the unknown F_5 terms would require the calculation of at least open string six- and eight-point functions; from the result one could then extract the F_5- dependent terms at order α^{′2}. Such calculations are expected to be very involved and will not be attempted in this paper.

In the cascading M ≠ 0 case the α^{′2} terms are expected to lead to a modification of the background. We argue that in the field theory dual these corrections can be interpreted as corrections to the anomalous dimensions of the matter fields (as was the case for the bulk α^{′3} corrections [10]). Apart from the lack of knowledge of the F_5 terms our analysis is further complicated because the background is less symmetric compared to the unorientifolded case and also because there are two species of matter fields: bifundamentals and fundamentals. Nevertheless, with suitable assumptions some progress can be made.

In the next section we briefly discuss two possible orientifolded versions of the basic SU(N + M) × SU(N) model and discuss the dual gravity backgrounds. One of the two models contains an O7-plane and 8 D7-branes. In section 3 we analyze the corrections to the equations of motion for the bulk fields induced by the α^{′2} terms localized on the O7

– 2 – and the 8 D7’s in the conformal case, i.e. when M = 0. A similar analysis is carried out in section 4 for the case M ≠ 0. In the appendix we discuss some string scattering amplitudes relevant to our analysis.

2. Orientifolds of AdS_5 × T^{11} and their field theory duals

The duality [1, 14] between the N = 1 SU(N)×SU(N) conformal gauge theory with matter content 2(□, □)⊕2(□, □), and string theory on AdS_5 ×T^{11} can be extended to orientifolded versions thereof. The orientifolding can be chosen in such a way that it does not break any supersymmetry. There are two natural orientifolding operations, leading to models where the N = 1 superconformal field theory duals have the following gauge groups and matter content

Sp(2N) × Sp(2N) , with 2(□, □) ⊕ 4(□, 1) ⊕ 4(1, □) , SO(2N + 2) × Sp(2N) , with 2(□, □) . (2.1)

For later purposes it will be useful to recall some properties of the conifold and its relation to T^{11}. The conifold [15] can be defined by the equation z^2_1 +z^2 +z^2_3 +z^2_4 = 0 which describes a cone inside C^4 (via a linear change of basis this can also be written as xy − wz = 0). The base of the cone is [15] T^{11} ≡ SU(2) × SU(2)/U(1) and is obtained by intersecting the above space with |z_1|^2 + |z_2|^2 + |z_3|^2 + |z_4|^2 = 1. In a particular parameterization the metric of T^{11} is given by [15]

ds^2 = 1 9 (dψ+cos θ_1dϕ_1 +cos θ_2dϕ_2)^2 + 1 6 ( dθ^2_1 + sin^2 θ_1dϕ^2_1 ) + 1 6 ( dθ^2 + sin^2 θ_2dϕ^2 ) . (2.2)

The dual string theory background corresponding to the models in (2.1) is AdS_5 × T^{11}/Z_2, with a non-trivial self-dual five-form F_5 = F_5 + ∗F_5 reflecting the non-trivial F_5 flux on T^{11}. Here Z_2 is the orientifold projection. The action of the orientifold in the model whose field theory dual is Sp(2N)×Sp(2N) was derived in [11] (see also [12]) to be z ↔ w in terms of the conifold variables. In terms of the z_i’s it is (z_1, z_2, z_3, z_4) → (z_1, z_2, z_3, −z_4). This result induces the following action on the coordinates of T^{11} [11]: θ_1 ↔ θ_2 and ϕ_1 ↔ ϕ_2. The three-dimensional fixed point set of this action was called X_3 in [11]. The model thus contains an O7-plane (and for consistency also 8 D7-branes coincident with the O7-plane). The world volume of the coincident O7 and D7’s is AdS_5 × X_3. The metric on X_3 is

ds^2 = 1 9 (dψ + 2 cos θdϕ)^2 + 2 6 ( dθ^2 + sin^2 θdϕ^2 ) . (2.3)

For the SO × Sp model the orientifold action can similarly be shown to be x, y → −x, −y and z ↔ w, or in terms of the z_i’s: (z_1, z_2, z_3, z_4) → (−z_1, −z_2, z_3, −z_4). This result was recently obtained in [16] (another orientifold operation was suggested in [17]). For this case, the orientifold group does not have a fixed point inside T^{11} so this model has no O-planes or D-branes. For other discussions of various other possible orientifolds of the conifold see e.g. [18].

– 3 –

The above orientifolded models (2.1) can be extended by adding fractional branes in complete analogy with the unorientifolded case; the addition of such branes breaks the superconformal invariance and changes the gauge groups to Sp(2N + 2M) × Sp(2N) and SO(2N + 2M + 2) × Sp(2N), respectively. Various aspects of the resulting models were recently discussed from the point of view of cascading gauge theories [12, 16].

3. Stringy corrections I: the conformal case (M = 0)

In this section we discuss only the conformal field theories (i.e. the M = 0 case). The AdS_5 × T^{11} supergravity background (with a non-zero constant F_5 flux on T^{11}) is believed to extend without modifications to an exact string theory background [10]. If true, this implies that all α^′ corrections to the leading supergravity equations of motion should vanish. This conjecture has not been proved, but the close relation to the conifold (which is an exact string tree-level background [19]) makes it plausible. String theory corrections would also lead to conflicts with the AdS/CFT correspondence. For instance, there can be no corrections (modulo field redefinitions) to the equation of motion for the dilaton, since the dilaton has to remain a constant modulus in order not to conflict with the dual field theory being conformal. Similarly, the radius of AdS_5 × T^{11}, which is related to g_SN, must remain a free parameter in the full string theory [10]. In [10] it was checked that the leading corrections to the type-IIB supergravity theory — the famous α^{′3}R^4 terms [20] — do not give rise to any corrections to Einstein’s equation or to the equation of motion for the dilaton.^1 More precisely, it was shown that there exists a particular choice of field-redefinition scheme in which this is true. It was also pointed out that there could in principle be additional corrections to the equations of motion at order α^{′3} involving F_5. The result in [10] implies that such terms, if present, have to vanish separately (assuming that the background is exact).

In the previous section we discussed two orientifolds of the AdS_5 × T^{11} background and their field theory duals. For these theories there are also α^{′3}R^4 corrections to the bulk supergravity action which are of the same form as in the unorientifolded theory, the only difference arising from the fact that the orientifold restricts the ranges of some of the variables. Consequently it follows from the result in [10] that they give no corrections to the equations of motion.

For the AdS_5 × T^{11}/Z_2 orientifold corresponding to the Sp(2N) × Sp(2N) theory there is, however, another source of α^′ corrections. Recall that this model contains 8 D7-branes and one O7-plane. There are terms of order α^{′2} localized on the AdS_5 × X_3 world-volume of these branes/plane, which appear at a lower order in the α^′ expansion than the bulk α^{′3} terms. Since the charge of the D-brane is proportional to the inverse of the string coupling constant [13] these corrections also appear at a different order in the stringcoupling constant expansion.^2 Our goal is to discuss what effects these α^{′2} corrections have on the equations of motion for the bulk fields. Before turning to this issue we will

1This had been checked earlier for the AdS5 × S^5 background [21], for which the proof is much simpler. 2There are also subleading α^{′3} corrections localized on the D/O7’s, but since these are of a different order in gS they can be treated separately and will not affect the above argument about the bulk α^{′3} terms.

– 4 – review some properties of embeddings, with particular emphasis on the case relevant to our discussion: the embedding of the world volume of the O7-plane and the D7-branes inside ten-dimensional space.

3.1 Properties of embeddings For the discussion of how the world volume of the O7-plane and the D7-branes is embedded into ten-dimensional space the following notation will be used. Indices in the ten-dimensional (bulk) directions will be labeled by capital roman letters from the middle of the alphabet (M, N, . . .); indices in the AdS_5 directions will be labeled by lower case roman letters from the beginning of the alphabet (a, b, . . .); indices in the X_3 directions will be labeled by greek letters (μ, ν, . . .) and finally indices normal to AdS_5 × X_3 will be labelled by i, j, . . . (note that these conventions differ from the ones used in [11]).

The case relevant to our discussion is the embedding^3 of X_3 inside T^{11}. This embedding is described by the vectors ∂_μY^M tangent to X_3 and the vectors ξ^M_i normal to X_3. These two sets of vectors satisfy the relations:

ξ^M_i G_{MN} ∂_μY^N = 0 , δ_{ij} = ξ^M_i G_{MN} ξ^N_j , g_{μν} := ∂_μY^M G_{MN} ∂_ν Y^N , (3.1)

where g_{μν} is the induced metric on X_3. The various types of indices are raised and lowered with G_{MN} , g_{μν} and δ_{ij} . We will also use the tensors (defined on the world volume of the branes) L^{MN} := ∂_μY^M g^{μν} ∂_ν Y^N , N^{NM} := ξ^N_i δ^{ij} ξ^M_j . (3.2)

It follows from (3.1) that these two symmetric tensors are orthogonal projection operators (L_N^RL_R^M = L_N^M , N_N^RN_R^M = N_N^M and L_N^RN_R^M = 0). They are related to the restriction of the bulk metric to the world-volume via the relation G^{MN} = L^{MN} + N^{NM} . For the present case we can choose (the coordinates of T^{11} are labelled as X^M = (ψ, ϕ_1, θ_2, ϕ_2, θ_2) and the coordinates on X_3 as x^μ = (ψ, ϕ, θ))

∂_ψY^M = 1 0 0 0 0 ; ∂_ϕY^M = 0 1 0 1 0 ; ∂_θY^M = 0 0 1 0 1 ; (3.3)

and

ξ^M_1 = √ 3 sin θ

0 1 0 −1 0 ; ξ^M_2 = √ 3 0 0 1 0 −1 . (3.4)

It is straightforward to check that the induced metric obtained using (3.3) agrees with the expression given in (2.3) and that all the relations listed above are satisfied.

3We really mean the embedding of AdS5 × X3 inside AdS5 × T^{11}, but since the embedding of the AdS5 part is trivial it will be suppressed in this section.

– 5 –

Bulk tensors can be projected to the normal and tangent directions by contracting with ∂_μY^M and ξ^M_i and then restricting to the world volume; alternatively, one can use L^{MN} and N^{NM} and work only with tensors with bulk indices. We use a notation where the occurrences of ∂_μY^M and ξ^M_i are suppressed. The following definitions will be used below

R_{ρλμν} := ∂_ρY^P ∂_λY^Q∂_μY^M ∂_ν Y^N R_{P QMN} , R_{μν} := ∂_μY^Q∂_ν Y^N L^{P M} R_{P QMN} , R_{ijμν} := ξ^P_i ξ^Q_j ∂_μY^M ∂_ν Y^N R_{P QMN} , R_{ij} := ξ^Q_i ξ^N_j L^{P M} R_{P QMN} . (3.5)

An important tensor in the theory of embeddings is the second fundamental form (also known as the extrinsic curvature), defined as

Ω^M_{μν} := ∂_μ∂_ν Y^M − (Γ_T)^ρ_{μν} ∂_ρY^M + Γ^M_{NP} ∂_μY^N ∂_ν Y^P . (3.6)

Here (Γ_T)^ρ_{μν} is the connection constructed out of the induced metric, g_{μν} , whereas Γ^M_{NP} is the connection constructed out of the bulk metric, G_{MN} . Using the above formulæ a straightforward calculation shows that Ω^M_{μν} vanishes for the embedding of X_3 inside T^{11} (thus the embedding is an example of what is referred to as a totally geodesic embedding).

We should also mention that the curvatures of the tangent bundle, (R_T )_{ρλμν} , and the normal bundle, (R_N )^{ij}_{μν} , common in the literature, are related to certain pull-backs of the bulk Riemann tensor together with quadratic expressions in the second fundamental form:

(R_T )_{ρλμν} = ∂_ρY^P ∂_λY^Q∂_μY^M ∂_ν Y^N R_{P QMN} + ξ^i_N δ_{ij}ξ^j_M [ Ω^M_{ρμ}Ω^N_{λν} − Ω^M_{ρν} Ω^N_{λμ} ] , (R_N )_{ijμν} = ξ^P_i ξ^Q_j ∂_μY^M ∂_ν Y^N R_{P QMN} + ξ^M_i g^{ρλ}ξ^N_j [Ω_{Mρμ}Ω_{Nλν} − Ω_{Nρν} Ω_{Mλμ}] . (3.7)

For further details about embeddings relevant to our discussion, see e.g. [22, 23].

3.2 The α^{′2}R^2 terms in the world-volume theories

Because the charge of one O7-plane cancels that of 8 D7-branes and because there are no corrections at order α^′, the leading terms in the effective action for the combined O7-D7 system appear at order α^{′2}. We will now discuss these α^{′2} terms, which are localized on the O7-plane and the D7-branes. Since the only non-vanishing fields in the background we are discussing are Φ, G_{MN} and F_{MNP QR}, we are interested in the dependence of the effective action on these fields.^4 Because of symmetries, the other supergravity fields appear at least quadratically in the action. Since the zeroth-order expressions vanish, such terms will not affect the leading linearized corrections to the equations of motion. This last statement is actually not true for the Wess-Zumino term which is linear in the C_p’s; this fact will be taken into account in our later analysis. Unfortunately, the complete expression for the α^{′2} corrections is not known; in particular, the terms involving F_5 are not known. We will therefore concentrate on the corrections involving the Riemann tensor and the dilaton, which are known (some previously unknown terms will be determined in this paper). The effective action also depends [22] on the second fundamental form (3.6).

4In general the action for the D-branes also depends on the world-volume fields (i.e. the gauge field and the transverse scalars; no such fields are present on the non-dynamical O7-plane). We will in what follows assume that these fields are zero. See section 3.4 for a discussion about this assumption.

– 6 –

However, Ω^M_{μν} appears at least quadratically so these terms will not affect our discussion since Ω^M_{μν} is zero for the embedding we are discussing and we are only interested in the first order variation.

For the Wess-Zumino term of a D7-brane the relevant corrections involving the Riemann tensor take the form [24] (ignoring the dependence on Ω^I_{μν} for reasons just discussed)

S^{D7}_{WZ} = μ_7 ( π^2 6 ) α^{′2}L^4g^{−1}_S ∫ C_4 ∧ [ R^ρ_λ ∧R^λ_ρ − R^i_j ∧R^j_i ] , (3.8)

where R^ρ_λ =^1_{2!} R^ρ_{λμν} dx^μ ∧ dx^ν, R^i_j =^1_{2!} R^i_{jμν} dx^μ ∧ dx^ν, and we have rescaled C_4 → 4g^{−1}_S L^4C_4, and G_{MN} → L^2G_{MN} to agree with the usual AdS/CFT normalization (where L is the AdS_5 × T^{11}/Z_2 length scale, L^4 = (27κN)/(16π^{5/2})). In the above formula μ_7 is the charge of a single D7-brane, μ_7 = (2(2π)^7α^{′4})^{−1}. The D-branes we discuss appear in an orientifolded theory and have half the charge of a D-brane in the type-II theory (this is the reason for the factor of 2 discrepancy between the above equation and the expression usually found in the literature).

The relation between the charge of an O7 orientifold plane and that of a D7-brane is μ^{O7} = −8μ^{D7} (thus the charge of 8 D7’s cancels that of one O7). The terms involving the Riemann tensor in the Wess-Zumino term for an O7-plane take the form [25]

S^{O7}_{WZ} = (−8μ_7) ( − π^2 12 ) α^{′2}L^4g^{−1}_S ∫ C_4 ∧ [ R^ρ_λ ∧R^λ_ρ − R^i_j ∧R^j_i ] . (3.9)

For the DBI part of the D7-brane action, the R^2 corrections were determined in [22] (see also [26]) to be^5

S^{D7}_{DBI} = μ_7L^4 α^{′2} 2 ( π^2 6 ) × (3.10) × ∫ d^8x √ −g e^{−Φ} [ R_{ρλμν} R^{ρλμν} − 2R_{μν} R^{μν} − R_{ijμν} R^{ijμν} + 2R_{ij} R^{ij} ] , where the various tensors have been defined in (3.5) and as above we have rescaled the metric as G_{MN} → L^2G_{MN} .

The α^{′2} corrections to the DBI part of the O7-plane action have not, as far as we are aware, been discussed in the literature. We argue in the appendix that the expression for these terms is in line with expectations:

S^{O7}_{DBI} = (−8μ_7)L^4 α^{′2} 2 ( − π^2 12 ) × × ∫ d^8x √ −g e^{−Φ} [ R_{ρλμν} R^{ρλμν} −2R_{μν} R^{μν} − R_{ijμν} R^{ijμν} + 2R_{ij} R^{ij} ] . (3.11)

5The contributions involving the second fundamental form are ignored for the reason given above, the leading √ −g contribution is also ignored, as it will cancel against analogous terms coming from the O7-plane in the final expression.

– 7 –

Adding the above terms, the total action for the combined system of 8D7’s and one O7 becomes (in the string frame)

S^7_{tot} = μ_7L^4(πα^′)^2 { ∫ d^8x √ −g e^{−Φ} [ R_{ρλμν} R^{ρλμν} − 2R_{μν} R^{μν} − R_{ijμν} R^{ijμν} + 2R_{ij} R^{ij} ] + + 2g^{−1}_S ∫ C_4 ∧ [ R^ρ_λ ∧R^λ_ρ − R^i_j ∧R^j_i ] } . (3.12)

below we investigate how the presence of these terms affect the equations of motion for the bulk supergravity fields. There are also terms in the effective action of the schematic form RD^2Φ which contribute to the equation of motion for the dilaton; such terms are discussed below and in the appendix.

3.3 The equations of motion

In this section we will discuss the corrections to the equations of motion for the bulk supergravity fields arising from the presence of the terms (3.12). For the general discussion we restrict ourselves to the dependence of the action on the background metric. In the case relevant to us, the action for the combined bulk+brane system takes the form (in the Einstein frame) ∫ d^{10}X √ −G R + ∫ d^8xL_{brane} = ∫ d^{10}X √ −G R + ∫ d^{10}Xδ(β)δ(γ)L_{brane} , (3.13)

where β and γ label the transverse coordinates. In the background we are interested in, the following translations between the coordinates of T^{11} and the coordinates normal and tangential to X_3 are useful θ = (θ_1 + θ_2) 2 , ϕ = (ϕ_1 + ϕ_2) 2 , ψ = ψ , β = (θ_1 − θ_2) 2 , γ = (ϕ_1 − ϕ_2) 2 . (3.14)

The equations of motion are obtained by making a (eulerian) variation of the background metric: δG_{MN} = h_{MN} . In the case when L_{brane} only depends on the metric and not on terms with derivatives, the brane gives rise to a simple δ-function source in Einstein’s equation, √ G [ R_{MN} − 1 2 G_{MN} R ] = δ(β)δ(γ)T_{MN} , where T_{MN} = δL_{brane} δG^{MN} . (3.15)

This means that the brane is treated as being infinitesimally thin. When the action also includes terms with derivatives acting on G_{MN} (as is the case for the action we are interested in, cf. (3.12)), the situation is more involved. In the variation, a derivative acting on δG_{MN} = h_{MN} can be either in a direction tangential to X_3 or in a direction normal to it. If it is in a tangential direction then it can be moved by an integration by parts in the eight-dimensional brane action as usual. Hence, if the action only involves tangential derivatives then the formula (3.15) remains valid. On the other hand, if a derivative acting on δG_{MN} is in a direction normal to X_3, it can still be moved by an integration by

– 8 – parts, but only in the full ten-dimensional action (i.e. in the expression on the right-hand side of eq. (3.13), which includes the δ-functions). When such an integration by parts is performed, the derivative will hit the δ-functions. Thus, in general one gets not only contributions to the equations of motion involving δ-function source terms but in addition also source terms involving derivatives of δ-functions. The presence of such “multipole” source terms signals a violation of the approximation that the brane is infinitesimally thin (for a discussion of this point see [23], section 3.5 and references therein and also [27]). In general such corrections lead to complicated sources and the equation of motion may not have well-behaved solutions. Perhaps the best way to view such a situation is to say that when the solutions to the equation of motion become ill-defined, then the approximation of writing the action as a sum of two terms (bulk+brane) is no longer viable. However, as long as the solutions are well-behaved the approximation should still be viewed as being valid. (Note that solutions singular at the location of the brane need to be carefully regularized when pulled back to the brane world- volume, see [28] for a recent discussion.)

In the case of interest to us there will be at most two derivatives acting on δG_{MN} = h_{MN} . Since one is to restrict the expression to the brane world-volume after acting with the derivatives, it is clear that it is sufficient to consider an expansion of h_{MN} to second order in the transverse coordinates β and γ (which are set to zero when restricting to the brane world volume):

h_{MN} = h^1_{MN} (θ)+βh^2_{MN} (θ)+γh^3_{MN} (θ)+β^2h^4_{MN} (θ)+βγh^5_{MN} (θ)+γ^2h^6_{MN} (θ) . (3.16)

As a technical simplification, we have indicated that it is sufficient to take the h^i_{MN} ’s to depend on θ. Since the zeroth-order metric does not depend on ψ and ϕ, expressions involving derivatives with respect to these coordinates will give zero after an integration by parts. (The variation in general also depends on the radial coordinate of AdS_5; we have suppressed this dependence in (3.16), but it will be needed for the general analysis below.)

In the variation the contributions from the different h^i_{MN} ’s in (3.16) can be treated independently, since they give rise to sources with different δ-function structures. Because of the different possible source terms, there are (at order α^{′2}) six times as many equations compared to the bulk case that have to vanish in order for there to be no corrections to the equations of motion. The constraints are thus stronger than the ones arising from the bulk terms in [10] and should lead to a more stringent test of the exactness of the background. At higher orders in the α^′ expansion one gets even further conditions since there are more derivatives present so additional “multipole” sources become relevant.

After these general remarks we are in a position to check whether the presence of the terms in (3.12) lead to corrections to the equations of motion. We will discuss each of the non-zero background fields in turn. For the analysis it is important to keep in mind that one is allowed to make field redefinitions. Thus, to show that the α^{′2} terms in (3.12) do not give any corrections to the equations of motion, it is sufficient to find a field redefinition scheme in which the corrections vanish. In the bulk case there was a natural way to fix the field redefinition ambiguity: namely, to simply replace the Riemann tensor whenever it appeared with the Weyl tensor. In our case it is not a priori clear what field redefinition scheme is the correct one to use. In particular, replacing the bulk Riemann tensor with

– 9 – the Weyl tensor would make the relation (3.7) invalid (the pullback of the Weyl tensor can not be expressed in terms of R_T in a simple way). Another ambiguity is which tensor one should contract with to form the “Ricci” tensors R_{μν} and R_{ij} in (3.5). Because of these problems we will in our analysis add the most general combination of terms removable by field redefinitions to the action (3.12). Terms proportional to the lowest order equations of motion are removable by field redefinitions. For the metric the equation of motion is R_{MN} = 0 and for the dilaton it is D^M ∂_M Φ = 0 (in a particular scheme [29]). These are actually not the complete expressions, but the additional terms will not be relevant to us. For instance there are F^2_5 corrections to the equation R_{MN} = 0 but since the F_5 dependent α^{′2} terms are not known we will ignore the F_5-dependent corrections to the lowest order equations of motion as well. There are also dilaton corrections of the form ∂_M Φ∂_N Φ, but as these are quadratic in ∂_M Φ they will not affect our analysis since the dilaton is constant to leading order.

3.3.1 The equation of motion for C_4 Since we are ignoring the unknown dependence of the α^{′2} terms on F_5, C_4 appears only in the Wess-Zumino term. To get a correction to the equation of motion for C_4 from these α^{′2} terms, the R ∧ R part in C_4 ∧ R ∧ R has to be non-vanishing to leading (zeroth) order. For this to be the case R ∧ R has to have all its indices in the AdS_5 directions. The reason for this is that because of the product structure of the zeroth order metric the leading order contribution to R ∧ R has to have all its indices either in the AdS_5 directions or in the X_3 directions, but since it is a four-form it will not fit inside X_3. Thus, the only possible non-zero contribution at order α^{′2} to the equation of motion for C_4 comes from the variation with respect to C_{abcμ}. However, all possible terms vanish because for AdS_5 one has: R_{abcd} ∝ G_{a[c}G_{d]b}. It then follows that for any term that one writes down, the form indices will always be on the metric and there will always be a contraction either of the form L^{cd}G_{c[a}G_{b]d} or of the form N^{cd}G_{c[a}G_{b]d}, both of which give zero. (Thus we get no information about which choice should be made to fix the field redefinition ambiguity.) We conclude that there are no corrections to the equations of motion for C_4. This statement of course has to be revisited once the α^{′2} terms involving F_5 have been determined.

Apart from C_4 the Wess-Zumino term also has a linear dependence on the other C_p’s and on B_2. However, none of them are multiplied by quantities that are non-vanishing for the background under discussion. Thus there are no corrections to the equations of motion for the other C_p’s or B_2 either.

3.3.2 The equation of motion for Φ We next turn to the equation of motion for the dilaton. One contribution to the equation of motion comes from the variation of the e^{−Φ} factor appearing in the DBI part of the action (3.12). In addition to the overall e^{−Φ} factor, there could also be terms in the action involving derivatives of the dilaton. Such terms have not been determined in the literature. In the appendix we derive constraints on the R D^2Φ corrections to the DBI part of the action from the NSNS two-string scattering amplitude, cf. (A.7). When varying the RD^2Φ terms one should expand Φ in “modes” as was done for the metric variation

– 10 – in (3.16). We have checked that there is a particular field-redefinition scheme for which the corrections to the equation of motion coming from the RD^2Φ terms corresponding to all the six modes of Φ vanish. The contribution from the mode independent of the normal coordinates should be added to the variation of the overall e^{−Φ} factor. However, there is no scheme in which this mode gives a non-vanishing contribution when the contributions from the other modes are required to vanish. We have similarly checked that there are no corrections from the possible RD^2Φ corrections to the Wess-Zumino term. To conclude, there is one constraint coming from the variation of the overall e^{−Φ} factor. This constraint can certainly be satisfied by fixing the field redefinition ambiguity of the R^2 terms suitably, but the resulting constraint on the coefficients has to be added to similar conditions arising from the variation of the metric.

3.3.3 The equation of motion for G_{MN}

Finally we address the question of whether corrections to the equation of motion for the background metric are induced by the terms (3.12). As we discussed above there are six different components of the variation (3.16); each of these has to vanish separately. The variation is most easily implemented when the action is written in terms of L^{MN} and N^{NM} (3.2) (rather than δ_μY^M , ξ^M_i , δ^{ij} , and g^{μν} ). One has δL^{MN} = −L^{MP} δG_{P Q}L^{QN} , δN^{MN} = −G^{MP} δG_{P Q}G^{QN} + L^{MP} δG_{P Q}L^{QN} . (3.17) For the Wess-Zumino term, the only dependence on the metric is contained in the R∧R terms. At zeroth order C_4 (choosing the natural gauge) only has non-vanishing components in either the AdS_5 or the T^{11} directions (but no mixed components). Therefore, the pullback of C_4 to the world volume has to lie in the AdS directions (it will not fit inside X_3), which implies that the R∧R terms have to have one index in an AdS direction (and the others in the X_3 directions). At first sight one might think that this is not possible because of the product structure of the zeroth order metric, but the first order variation does not have to be zero since the AdS index is a form index which is not contracted with the metric. There are two possibilities: (3.18) the AdS index is on the metric, G_{aM} ; or (3.19) the AdS index is on a partial derivative, ∂_a.

For the first case, it is easy to see that the other index on the metric can not be a form index and that it has to be a T^{11} index otherwise one gets zero because of the product of the zeroth-order metric. Furthermore, the product structure of the zeroth order metric implies that to get something non-vanishing the variation has to act on G_{aM} . Using this result together with the definition of the Riemann tensor one can check that the variation becomes (δG_{aM} = h_{aM} ) δR_{P QaN} −→ 1 2 G_{P S} { − ∂_N ( G^{SU} [∂_Qh_{aU} − ∂_U h_{aQ}] ) + Γ^T_{NQ} ( G^{SU} [∂_T h_{aU} − ∂_U h_{aT} ] ) − − Γ^S_{NT} ( G^{T U} [∂_Qh_{aU} − ∂_U h_{aQ}] )} . (3.18)

Expanding h_{aM} = δG_{aM} as in (3.16) one in general gets 30 conditions since the index M

– 11 – in h_{aM} can take 5 values and each h_{aM} has six components, cf. (3.16). However, because of the symmetries of the T^{11} there are smaller number of conditions, and we have checked that all of them are satisfied. In this calculation we also allowed for terms removable by field redefinitions. Such terms can be generated by replacing the factors of R_{P QMN} by either G_{P [M} R_{N]Q} − G_{Q[M} R_{N]P} or RG_{P [M} G_{N]Q}, where R_{MN} is the bulk Riemann tensor, and R is a scalar constructed out of it by contraction (recall that terms proportional to R_{MN} can be removed by field redefinitions; strictly speaking, this is only true in the absence of F_5, but we ignore all F_5 dependence). Since such terms also give zero we get no clues which field redefinition scheme should be chosen.

For the second possibility (when the AdS index is on a ∂) the variation will only give something non-vanishing when it acts on the terms which are acted on by the ∂_a. The reason for this is that the zeroth order metric on T^{11} does not depend on the coordinates of AdS_5, but the first order variation of the metric in general does. Since the T^{11} metric does not depend on the AdS coordinates, one can integrate by parts so that ∂_a acts on C_4. Thus the effect of this integration by parts is to turn C_4 into F_5. Using the definition of the Riemann tensor together with the above restriction on the variation one can show that δR_{P QaN} −→ ∂_a { G_{P S} δΓ^S_{NQ} + 1 2 Γ^T_{NQ}δG_{T P} − − 1 2 G_{P S} ∂_N ( G^{SU} δG_{QU} ) − 1 2 G^{T U} G_{P S} Γ^S_{NT} δG_{QU} } . (3.19)

Because of the special background and our normalizations, (F_5)_{abcde} is simply the volume form on AdS_5. The contributions coming from the Wess-Zumino term obtained in this way are actually of the same form as terms coming from the DBI part of the action so they will have to be considered together. One thing to note is that the terms quadratic in the coordinates β, γ normal to X_3 in (3.16) will not contribute to the variation of the Wess-Zumino term. The reason for this is that at most one derivative acts on δG_{MN} since the other derivative is in the AdS directions and has been integrated by parts. On the other hand such corrections are obtained from the variation of the DBI part of the action.

Finally, we will discuss the variation of the DBI part of the action. Because of the product structure of the zeroth order metric the variation has to lie either inside AdS_5 or inside T^{11} (there are no δG_{aM} contributions). The variation of the metric takes the form (3.16). In the case where the variation is in the T^{11} directions the first three terms in (3.16) have counterparts coming from the Wess-Zumino term as discussed above, whereas the last three terms are only relevant for the DBI part. By analyzing all the above different equations with the help of the GRTensor package [30], we have found that there exists a choice of field-redefinition scheme for which the corrections involving the modes quadratic in the normal coordinates vanish. For the remaining modes (including the condition discussed above coming from the equation of motion for Φ) there does not exists a field redefinition scheme^6 in which there are no corrections to the equation of motion for the bulk metric coming from (3.12). However, there does exist an action giving rise to no corrections which

6We have checked that this is still true even if one includes terms removable by field redefinitions of the schematic form D^2R.

– 12 – is very similar to (3.12), but with slightly different numerical coefficients in front of the various terms (more precisely, two of the coefficients need to be different from the values in (3.12) to get a vanishing result). The implications of this result will be discussed in the next section.

3.4 Discussion of the result

As discussed above there does not exist a field-redefinition scheme in which the entire variation with respect to the metric gives a vanishing result. Since we neglected the F_5- dependent terms, the fact that we did not find that all the corrections vanished is perhaps not too surprising especially considering that the restrictions imposed are stronger and the number of possible terms is smaller compared to the bulk analysis in [10]. For instance, the number of terms removable by field redefinitions is smaller than the number of constraint equations coming from requiring the corrections to vanish. To complete the analysis one would need to take into account also the dependence of the action on F_5. In [10] the corrections vanished even without the F_5 terms (hence the terms involving F_5 have to vanish separately), in our case the situation appears to be different.

The equation of motion for the metric is expected to involve terms which depend on the self-dual RR field F_5. The various possible terms are (schematically) of the form DF_5DF_5, F^2_5 R and F^4_5 . These terms have not been determined (the corrections to the DBI action of the first type can be constrained from the scattering amplitudes in [31, 32]). To determine these terms from string scattering amplitudes one would have to calculate at least six- and eight-point open string scattering amplitudes. Needless to say that is a very involved calculation and we will not attempt it here. An important question is whether the additional F_5-dependent terms are such that they can make the corrections vanish. At first sight it seems that the F_5 terms could easily modify the above result since there are several possible tensor structures. However, the number of independent contributions is actually much less than one might naively expect as can be seen e.g. from the fact that because of the product structure of the zeroth order metric, the simple form of F_5 (∝ vol_{AdS5} + vol_T 11 ) together with the fact that the indices are contracted with either L^{NM} or N^{NM} (which are orthogonal projection operators) the various possible F^4_5 terms actually give rise to only three independent terms which can be chosen as c_1L^{ab}δG_{ab} +c_2L^{MN} δG_{MN} +c_3N^{MN} δG_{MN} , where the indices in the first term only run over the AdS directions and the c_i’s are constants. Results such as this indicate that the F_5 terms can not significantly change the R^2 analysis. Thus, the fact that the corrections almost vanished using the R^2 terms only is a strong indication that when the F_5 terms are included one will find the extra contributions to the coefficients required for the vanishing of all corrections. This would be a very strong test of the exactness of the background. Finally, we should mention that we have assumed that the gauge field and the transverse scalars on the brane are zero. This may be incorrect, non-zero values may be required e.g. for the solution to be supersymmetric (to analyze whether this is the case, the methods in [33] might be useful). If non-zero world-volume fields are present they will only affect the modes of the variation of the metric independent of the coordinates normal to the brane.

– 13 –

4. Stringy corrections II: the cascading case (M ≠ 0)

In this section we discuss the effects of the α^{′2}-terms localized on the 8 D7-branes and the O7-plane when M ≠ 0. For this case one expects that the α^{′2}-terms will give corrections to the supergravity background. Our goal is to investigate what the interpretation of these corrections are in the dual field theory. Our approach is similar to the analysis in [10], but there are some differences related to the lower-dimensional nature of the D7-branes.

4.1 The supergravity background In this section we briefly review the type-IIB supergravity solution obtained in [6] (with some normalization factors taken from [7]). This solution is an approximation to the solution obtained in [4], but it will be sufficient for our later purposes. As we will discuss below the solution is also a solution to the orientifolded theory.

The metric is given by (to facilitate our later discussion we have written the solution using the variables introduced in [10], see [10] for further details )

ds^2_{10} = L^2 [ e^{2t} √ t dx_ndx^n + √ t ( dt^2 + ds^2_T 11 ) ] , (4.1)

where n = 0, . . . , 3 and L^2 =

9g_S(2M)α^′ 2 √ 2 . (4.2)

The solution also contains the following non-zero field strengths

F_3 = Mα^′ω_3 , B_2 = 3g_SMα^′ ( t − t̃ ) ω_2 , F_5 = dC_4 + B_2 ∧F_3 = F_5 + ∗F_5 , F_5 = 27πα^{′2}N̄_{eff} (t) vol ( T^{11} ) , (4.3)

where vol(T^{11}) is the volume form on T^{11} and

t̃ = 2π(2N) 3g_S(2M)^2 + 1 4 , N̄_{eff} (t) =

3g_S(2M)^2 2π ( t − 1 4 ) , (4.4)

and ω_2 and ω_3 are given by

ω_2 = sin θ_1dθ_1 ∧dϕ_1 − sin θ_2dθ_2 ∧dϕ_2 , ω_3 = (dψ + cos θ_2dϕ_1 + cos θ_2dϕ_2)∧ω_2 . (4.5)

In writing the above solution we have anticipated the fact that the number of branes on the cover space of the Sp(2N + 2M) × Sp(2N) theory is twice as large compared to the SU(N + M) × SU(N) model. The fluxes and the number of physical branes are however the same since the volumes of the cycles over which one integrates are half as large, e.g. 1/4π^2α^′ ∫ S^3/Z_2 F3 = M.

As was discussed in section 2 the spacetime part of the orientifold operation interchanges (ϕ_1, θ_1) and (ϕ_2, θ_2) which implies G_{MN} → G_{MN} , ω_2 → −ω_2 and ω_3 → −ω_3. In the solution (4.3) one has B_2 ∝ ω_2, F_3 ∝ ω_3 and F_5 ∝ ω_2 ∧ ω_3. In addition to the spacetime part the orientifold operation also involves the action of Ω(−1)^{FL} . The total orientifold operation is such that it leaves the form fields in (4.3) invariant. Thus, as was also discussed in [12, 16], the above solution is a solution in the orientifolded theory since it is invariant under the orientifold action.

– 14 –

4.2 The beta function and the RG flow

We now discuss the beta function and the associated renormalization group flow in the Sp(2N +2M)×Sp(2N) field theory and how these concepts appear in the dual supergravity solution discussed above.

Field theory The field theory beta-function relevant to our discussion is the Shifman- Vainshtein [34] beta function (see e.g. [7, 10] for an explanation of this fact):^7

β_g = d d log(Λ/μ) ( 4π^2 g^2 ) = 1 4 [ 3T (adj) − ∑ i T (R_i)(1 − 2γ_i) ] , (4.6)

where the sum runs over the matter superfields and T (R_i) is the index of the representation R_i of the gauge group. For Sp(2N), T (adj) = 2N + 2 and T (□) = 1. Using these results together with the matter content given in section 2, the beta functions for the gauge couplings (labeled g_1 and g_2) of the two factors of the Sp(2N + 2M) × Sp(2N) gauge group can be conveniently written as d d log(Λ/μ) ( 4π^2 g^2_1 + 4π^2 g^2 ) = 2N̄ Δ + 2δ , d d log(Λ/μ) ( 4π^2 g^2_1 − 4π^2 g^2 ) = M(3 − Δ) , (4.7)

where N̄ = N + M/2 (note that N̄ is simply the effective number of physical D3-branes in the defining orientifolded conifold background) and δ and Δ are defined via γ_B = −^1_4 +^Δ_2 and γ_F = −^1_4 +^δ_2 , where γ_B is the anomalous dimension of the bifundamental matter multiplets and γ_F is the anomalous dimension of the fundamental matter multiplets. When M = 0, Δ and δ are both zero (i.e. γ_B = −1/4 = γ_F ) and both beta functions vanish. When M is not zero Δ and δ can be expanded in even powers of M/N̄, which is assumed to be small (the argument why only even powers appear is completely analogous to the one given in [10]). To leading order in M one finds that only the difference of the gauge couplings flows: d/d log(Λ/μ)(^{4π2}_{g21} −^{4π2}_{g2} ) = 3M.

For completeness we note that for the Sp(2N + 2M) × SO(2N + 2) theory discussed in section 2 one finds (using that for SO(N), T (adj) = N − 2 and T (□) = 1) d d log(Λ/μ) ( 4π^2 g^2_1 + 4π^2 g^2 ) = 2N̄ Δ , d d log(Λ/μ) ( 4π^2 g^2_1 − 4π^2 g^2 ) = 3M − (M + 1)Δ , (4.8)

where N̄ = N + (M + 1)/2. Note that for this model there is no longer a strict symmetry between the two factors of the gauge group.

7Recently it has been shown [35] that it is possible to obtain the complete NSVZ beta function [36] from the supergravty solution (see also [37] and references therein).

– 15 –

String theory The field theory gauge couplings are encoded in the gravity dual via the relations [1, 14] ( 4π^2 g^2_1 + 4π^2 g^2 ) = π g_S e^{−Φ} , ( 4π^2 g^2_1 − 4π^2 g^2 ) = 1 g_S e^{−Φ} [ 1 2πα^′ ∫ S^2/Z_2

B_2 − π ] . (4.9)

In the background (4.1) and (4.3) one finds [7] (using ∫ S^2/Z_2 ω2 = 2π) that to leading order

in M/N̄ ,^d_{dt} (^{4π2}_{g21} −^{4π2}_{g2} ) = 3M; hence by comparison with the above field theory result one deduces that t is to be identified with log(Λ/μ) (up to an additive constant). Hence, there is a complete matching between the beta function obtained from field theory with that obtained from string theory [7]; on the string theory side the parameter controlling the RG flow is identified with the radial variable t appearing in the metric (4.1).

In [10] a consistent solution to the ten-dimensional field equations in the AdS_5 × T^{11} background in the presence of the α^{′3}R^4 corrections was obtained by taking the deformations of the fields to depend only on the radial coordinate t. Furthermore, under the assumption that the relations (4.9) still hold for the case when Φ and B_2 no longer are constant, it was shown that the corrections could be interpreted in the dual field theory as corrections to the anomalous dimensions of the matter fields. A natural guess based on the results in [10] is that the α^{′2} corrections localized on the D7-branes and the O7-plane should also have a dual interpretation in terms of corrections to the anomalous dimensions of the matter fields in the field theory. However, in trying to make this more precise one encounters a puzzle. An ansatz where the deformation only depends on the radial variable, t, is not possible since the presence of the D7-branes and the O7-plane will lead to δ-function sources in the equations of motion, as was discussed in section 3. These sources explicitly depend on the angular coordinates of T^{11}; therefore the solution will also have to depend on the angles of T^{11}. On the other hand, from the field theory side one expects that Φ and ∫ B_2 should depend only on one variable which describes the RG flow.

The resolution we would like to propose is that it is the zero modes of the KK expansion in modes on T^{11} that should appear on the right hand side of the eqs. (4.9). This is a natural choice since such modes are always present independently of the choice of the compact manifold X_5 in the product AdS_5 × X_5. Furthermore, they are the only modes that do not depend on the angles on T^{11}.

4.3 The corrections to the equations of motion

As mentioned above, because of the presence of the δ-function source, the deformation of the metric induced by the presence of the α^{′2} terms will necessarily have to depend on the angles of T^{11} in addition to the dependence on t. Thus, to get the complete solution one would have to include all modes on T^{11} in the ansatz. However, since we are only interested in the zeromodes for Φ and ∫ B_2 it is natural to expect that the dominant contribution can be obtained by considering only the lowest lying modes in the mode expansion of the metric. The modes we will include in the ansatz for the metric are the same ones as in [10]. Since the functions

– 16 – w, y and z in this ansatz only depend on t, including only these modes is equivalent to dimensionally reducing the system to an effective five-dimensional theory. With this in mind we choose our ansatz for the deformed metric to be of the same form as in [10]:

ds^2_{10} = L^2 [ e^{2t} √ t dx_ndx^n + + √ te^{−2z} { e^{10y} dt^2 + e^{2y−8w} 9 (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 + + e^{2y+2w} 6 ( dθ^2_1 + sin^2 θ_1dϕ^2_1 + dθ^2 + sin^2 θ_2dϕ^2 ) }] , (4.10)

where, y, w, and z are of order α^{′2}. Similarly, we will use the following ansatz for the NSNS two-form: B_2 = 3g_SMα^′(t − b)ω_2, where the deformation b again depends only on t.

The R^2 part of the action for the combined system of 8 D7-branes and one O7-plane becomes (after rescaling the background metric as G → L^2G and C_4 as C_4 → 4L^4g^{−1}_S C_4, where L^4 was defined in (4.2))

S_{tot} = μ_7L^4(πα^′)^2 { ∫ √ −ge^{−Φ} [ R_{ρλμν} R^{ρλμν} − 2R_{μν} R^{μν} − R_{ijμν} R^{ijμν} + 2R_{ij} R^{ij} ] + + 2g^{−1}_S ∫ C_4 ∧ [ R^ρ_λ ∧R^λ_ρ − R^i_j ∧R^j_i ] } . (4.11)

As in section 3 our analysis will be restricted to these terms since the F_5 dependence is not known. Since H_3 is also non-zero in the background (4.1) and (4.3) we would like to know the dependence of the effective action on this field. Such terms have not been determined in the literature (see, however, [38] for a discussion of such terms in the Wess-Zumino part of the D-brane action; note that the conditions on H_3 used in that paper are satisfied for H_3 in (4.3)). Based on the bulk analysis one might have expected that there was a simple rule of the form R → R + DH_3 from which the DH_3 terms could be obtained from the R^2 terms. As briefly discussed in the appendix this does not appear to be the case. Because of our lack of knowledge about the H_3 terms, all terms involving H_3 will be neglected below.

The equations of motion, with the above simplifying assumption, become (using the expressions given in [10]) 8 e^{4t} t [ 1 2 b^{′′} + 2b^′ − 2 t b^′ − 2 t b − 1 2 ϕ^′ + 1 2t ϕ − 2ϕ − 2w^′ − 8w + 2 t w − − 2y^′ − 8y + 2 t y + 2z^′ − 8z + 2 t z ] = − 2κ^2 L^8 δS_{brane} δb , e^{4t} [ ϕ^{′′} + 4ϕ^′ − 4 t ϕ + 4 t b^′ − 16 t y − 16 t w ] = − 2κ^2 L^8 δS_{brane} δϕ , 8e^{4t} [ −5y^{′′} − 20y^′ + 160y − 8 t y + 2 t b^′ − 2 t ϕ − 8 t w ] = − 2κ^2 L^8 δS_{brane} δy , 16e^{4t} [ z^{′′} + 4z^′ − 32z + 12 t z − 2 t^2 z − 1 t b^′ − 8 t b + 2 t^2 b ] = − 2κ^2 L^8 δS_{brane} δz , 8e^{4t} [ 5w^{′′} + 20w^′ − 60w − 8 t w + 2 t b^′ − 2 t ϕ − 8 t y ] = − 2κ^2 L^8 δS_{brane} δw . (4.12)

– 17 –

Here the quantities appearing on the left hand depend only on t, and the quantities on the left hand side are assumed to have been integrated over the angles and consequently only depend on t. We have found that there is a field redefinition scheme were the modifications to the equations of motion for the metric have the following asymptotic form for large t:

δS_{brane} δz ∼ μ_7g^{−1}_S α^{′2}L^4e^{4t}t^{−2} , δS_{brane} δy ∼ μ_7g^{−1}_S α^{′2}L^4e^{4t}t^{−2} ,

δS_{brane} δw ∼ μ_7g^{−1}_S α^{′2}L^4e^{4t}t^{−2} . (4.13)

More precisely, we have verified that there is a field redefinition scheme for which this is true. Naively, one would find the scaling t^{−1}. Note that the fact that there is a scheme in which the t^{−1} terms vanish implies that the corrections vanish when M → 0. The reason that there is a field redefinition scheme for which the corrections to the equations of motion for the metric vanishes in this case is that the deformation of the metric is of a restricted form, whereas in section 3 the deformation was general. For b and ϕ the following asymptotic scaling

δS_{brane} δϕ ∼ μ_7g^{−1}_S α^{′2}L^4e^{4t}t^{−3} , δS_{brane} δb ∼ μ_7g^{−1}_S α^{′2}L^4e^{4t}t^{−3} , (4.14)

appears to be required for consistency. We have verified that there is a field redefinition scheme for which the first equation holds (in addition to the equations in (4.13)). Due to our lack of knowledge of the H_3 dependence the second relation is conjectural. The asymptotic solution consistent with the above scaling is z ∼ g_S α^{′2} L^4 t^{−2} , y ∼ g_S α^{′2} L^4 t^{−2} , w ∼ g_S α^{′2} L^4 t^{−2} , ϕ ∼ g_S α^{′2} L^4 t^{−2} , b ∼ g_S α^{′2} L^4 t^{−1} , (4.15)

where we have used the above asymptotic scalings together with 2κ^2 = (2π)^7g^2_Sα^{′4} and μ_7 = [2(2π)^7α^{′4}]^{−1}. As in [10] we find that the asymptotic scaling is the minimal choice consistent with the absence of corrections when M → 0.

By comparison with (4.7) and (4.9) we find from the first relation that to leading order Δ + 1 N̄ δ = − 2π^2 λ ϕ^′ . (4.16)

Evaluating the derivative at the point t_{eff} for which N_{eff} (t_{eff} ) = N̄ (see [10] for more details) and using the scalings α^′/L^2 ∼^1_λ^{N̄}_M and 1/t_{eff} ∼ λ(M/N̄ )^2 together with the above asymptotic form of ϕ we find Δ + 1 N̄ δ ∼ g^S ( M N̄ )_4

. (4.17)

Since this relation depends on both Δ and δ we are not able to determine them separately without further input. It does seem natural to assume that only δ (and not Δ) should be affected by the corrections on the D7’s in which case one finds δ ∼ λ(M/N̄ )^4. At first sight

– 18 – this dependence on the ’t Hooft coupling looks strange, but it is consistent with the fact that the expansion is in terms of 1/t ∼ λ(M/N̄ )^2 and α^′/L^2 ∼^1_λ^{N̄}_M (which imply that 1/λ and M/N̄ are also small). For consistency of the interpretation that the α^{′2}-corrections only affect δ with the second relation coming from (4.7) and (4.9) one needs to assume that b^′ = ϕ, a relation which was needed in the bulk analysis for consistency. However, if there is a correction to both δ and Δ at order α^{′2} then this restriction may not be needed.

Let us also mention that even for the bulk α^{′3}R^4 terms there is a slight difference compared to [10] since now not only Δ appears in the beta function but also δ. However, if our above suspicion that the corrections to δ arise form the corrections on the brane is correct, we do not expect δ to receive corrections from the bulk α^{′3} terms, but only from the α^{′3} terms localized on the brane.

5. Discussion

In this paper we have studied the α^{′2} terms localized on the O7-plane and eight D7-branes in a particular orientifold of AdS_5 ×T^{11}. This orientifold is dual to an N =1 Sp(2N +2M)× Sp(2N) gauge theory.

In section 3 we argued that when M = 0 the α^{′2} terms should give no corrections (modulo field redefinitions) to the supergravity equations of motion. Evidence for this expectation comes from the AdS/CFT correspondence. In particular, the paramaters g_S and N which are related to the dilaton and the radius of AdS_5 × T^{11} have to remain free parameters in the full string theory (see e.g. [10]). Furthermore, the symmetries of the gauge theory (which are related to the isometries of AdS_5 × T^{11}/Z_2) have to be preserved. Taken together these facts indicate that all corrections to the supergravity background are absent. However, to our knowledge it has not been rigorously proven that the AdS/CFT correspondence implies that all corrections to the supergravity background have to be absent, although it seems very plausible that that is the case. (If there were residual corrections not removable by field redefinitions, it would pose a challenge to interpret them in the context of the dual conformal field theory). Due to the lack of knowledge about the F_5-dependent terms we were unable to completely prove that there are no corrections at order α^{′2}, although our results are quite suggestive (see section 3 for further details). One can also ask the reverse question, i.e. requiring the α^{′2} terms to give rise to no corrections for the orientifold background, what are the possible R^2 terms? As we have discussed the number of equations that have to be satisfied in order for there to be no corrections is fairly large so one would expect strong restrictions. The field redefinition ambiguity limits the usefulness of such an approach and one would also have to make an ansatz for the unknown F_5 terms. If one were to find an analogue of the prescription of replacing the bulk Riemann tensor with the Weyl tensor for the terms on the brane the restrictions would be even stronger. One stumbling block towards realizing this program is the fact that some of the possible R^2 terms have vanishing first order variations in the orientifold background. However, it seems that none of the terms with this property actually appear in the action, so there may be some symmetry which forbids them. The conclusion we can

– 19 – draw from the above discussion is that the restrictions are quite strong, but that one needs additional input from other approaches to be able to use them constructively to constrain e.g. the R^3 terms at the next order.

In section 4 we studied the α^{′2} corrections in the cascading case (M ≠ 0). Using methods similar to the ones in [10] we found that there are corrections to the background, which following [10] we interpreted on the field theory side as corrections to the anomalous dimensions of the matter fields.

There is clearly room for additional work extending and refining our results. In particular, the fact that we do not know the complete expression for the D-brane action at order α^{′2} make some of our results speculative. For the bulk terms considered in [10] the dependence on F_5 was also unknown; in our case the situation is similar, except that the F_5 dependent terms appear to play a more important role. The determination of the F_5 terms is expected to be very involved, but they are probably more accessible than the corresponding bulk terms (for instance, the DF_5DF_5 terms in the DBI part of the action can be constrained by the string scattering amplitudes calculated in [31]) and there is some hope that it will be possible to determine the complete expression for the effective action at order α^{′2} (including also the H_3 terms), which would allow one to unambiguously verify our results.

Acknowledgments

We would like to thank S. Naculich for collaboration in the early stages of this project and for comments on the manuscript. For some of the calculations we found the GrTensor package [30] to be useful. HJS would like to thank the string theory group and the Physics department of Harvard University for their hospitality extended over a long period of time.

A. Some string scattering amplitudes

A.1 Scattering off a D-brane

One way to determine the amplitude for the scattering of bulk states off a D-brane is by using the boundary state formalism. The amplitude for the scattering of an NSNS state off a D-brane in this formalism is given by A ∝^{(−1,−1)} ⟨ k; ξ | |V (0,0)_{q;ζ} Δ | | B⟩ , (A.1) where |B⟩ is the usual boundary state [39, 40, 41],^{(−1,−1)}⟨k, ξ| is the NSNS state in the (−1, −1) picture with polarization tensor ξ_{MN} and momentum k^M , Δ is the string propagator

∫_1 0 dy y^{L0+L̃0−1} (throughout we suppress all ghosts), and V^{(0,0)}_{q;ζ} is the vertex operator in the (0,0) picture for a NSNS state with polarization tensor ζ_{MN} and momentum q^M , i.e.

V^{(0,0)}_{ζ;q} = ζ_{MN} : ( ∂X^M + q_P Ψ^P Ψ^M ) ( ¯∂X̃^N + q_SΨ̃^SΨ̃^N ) e^{iqS XS} . (A.2) In our conventions, momentum conservation in the longitudinal directions implies that k^M + D^M_N k^N = q^M + D^M_N q^N , where D_M^N is a diagonal matrix whose entries are

– 20 –

+1 in the world-volume directions and −1 in the transverse directions. The scattering amplitude (A.1) is [32]^8 A ∝ Γ(2s)Γ(−t/2) Γ(2s − t/2 + 1) [ 2sa_1 + t 2 a_2 ] , (A.3)

where

a_1 = α^′ 2 [(Dζ)(qξq) + (Dξ)(kζk)] + 2s ( ζξ^T ) + α^′ 2 [kζDξq + qξDζk] − − α^′ 2 [ qξζ^T k + kζ^T ξq + qDξζ^T k + kDζξ^T q + kζ^T ξDq + qξ^T ζDk ] , a_2 = α^′ 2 [ (Dζ)(qDξDq − qξq) + (Dξ)(kDζDk − kζk) ] − 2s ( ζξ^T ) − − α^′ 2 [qDζDξDk + kDξDζDq] + 2s(DζDξ) − (2s−t/2)(Dζ)(Dξ) + + α^′ 2 [ kDξζ^T Dq + kDξ^T ζDq ] . (A.4)

We have defined t = α^′kq and s =^{α′}_4 kDk =^{α′}_4 qDq and use a notation were the index contractions are suppressed, e.g. kDζξ^T q = k_M D^{MN} ξ_{P N} q^P . The amplitude (A.3) and (A.4) is invariant under the interchange of the two states, k ↔ q; ξ ↔ ζ, and is also invariant under the gauge transformation ξ_{MN} → ξ_{MN} + k_M ξ_N + k_N ξ_M (when ξ_{MN} is symmetric). The above scattering amplitude was used in [22] (see also [26]) to determine the α^{′2}R^2 terms in the DBI part of the D-brane effective action.

The above amplitude can be used to restrict the form of the RD^2ϕ terms in the DBI part of the D-brane effective action. The dilaton vertex operator is

ξ_{MN} (k) ∝ ϕ(k)(η_{NM} − ℓ_M k_N − ℓ_N k_M ) , (A.5)

where ℓ_M k^M = 1. From (A.3) and (A.4) one finds that the α^{′2} part of the amplitude for one dilaton (with polarization ξ_{MN} and momentum k_M ) and one graviton (with polarization tensor ζ_{MN} and momentum q_M ) is A ∝ 2(p − 3)ϕ(k) { (2s − t/2) [ (kζk) − ( t 2 ) (Dζ) ] + ( t 2 ) (kDζDk) } . (A.6)

The following field-theory terms S ∝ ∫ √ −g [ a_1L^{M1M2} L^{N1N2} + a_2N^{M1M2} N^{N1N2} + + bL^{N1M1} L^{M2N2} ] N^{P Q}R_{P M2QN2} D_{M1} ∂_{N1} Φ , (A.7)

with a_2 = p − 3 and a_1 + 2b = −a_2 reproduce the string scattering result. We should remember that the comparison is done in a particular frame; however, the terms induced by

8This expression was originally derived [32, 42, 43] using a slightly different approach from the one discussed here. As pointed out in [44] there are minor errors in the expression in [32]; our expression confirms the formula in [44].

– 21 –

Weyl rescaling the metric in the action (3.12) are of the same form as above. More precisely, via the Weyl rescaling one gets terms with a_1 = (p−3)γ, b = 2γ and a_2 = −(p−1)γ, where γ is a normalization constant. Note that the scattering amplitude makes no distinction between L^{NK} D_N R_{MP} ∂_LΦ and L^{NK} R_{MP} D_N ∂_LΦ. To the above result one can also add terms proportional to D^M ∂_M ϕ or R_{MN} = G^{P Q}R_{P MQN} since such terms are removable by field redefinitions. For our purposes the ambiguities in (A.7) will not be important since for the special background we consider there is a choice of field redefinition scheme in which the terms in (A.7) give vanishing contributions to the equation of motion for Φ no matter what the values of a_1, a_2 and b are.

The above amplitude (A.3) and (A.4) can also be used to obtain restrictions on the possible DH_3DH_3 terms in the DBI part of the D-brane effective action. We have found that the string scattering amplitude (A.3) and (A.4) is consistent with the following terms in the effective action S = μ_p π^2 6 α^{′2} 8 × (A.8) × ∫ d^{p+1}x √ −g [ L^{N1Q2} L^{N2Q1} L^{M1M2} N^{P1P2} − 1 2 N^{N1Q2} L^{N2Q1} L^{M1M2} L^{P1P2} − − 1 2 L^{N1Q2} N^{N2Q1} N^{M1M2} N^{P1P2} ] D_{N1} H_{M1P1Q1} D_{N2} H_{M2P2Q2} ,

where L^{MN} and N^{MN} are the same as before, cf. (3.2). Terms proportional to the lowest order equation of motion for H_3: 0 = G^{MN} D_N H_{MP Q} = (L^{MN} + N^{NM} )D_N H_{MP Q} are removable by field redefinitions. It is important that apart from the field redefinition ambiguity, there are several additional ambiguities in (A.8) related to the fact that the scattering amplitude can not distinguish between e.g. L^{KN1} D_{N1} H_{M1P1Q1} D_{N2} H_{M2P2Q2} and −L^{KN1} H_{M1P1Q1} D_{N1} D_{N2} H_{M2P2Q2} since an integration by parts relates the two (modulo terms which do not contribute to the scattering amplitude we considered). Apart from the ambiguities related to integrations by parts it is also not possible to determine terms of the form H^2_3 R and H^4_3 from the scattering amplitude (A.3). The determination of such terms would require the calculation of amplitudes with additional vertex operator insertions. One thing to note about the above result is that there does not appear to be a simple way to combine the DH_3DH_3 terms with the R^2 terms via a replacement rule of the form R → R + DH_3 (except for the D9-brane for which the DH_3DH_3 terms are removable by field redefinitions).

A.2 Scattering off an O-plane Above we discussed the scattering of an NSNS state off a D-brane. The scattering of an NSNS state off an Op-plane is obtained in an analogous way by simply replacing the boundary state in the above amplitude with the cross-cap state, |C⟩, i.e. A ∝^{(−1,−1)} ⟨ k, ξ | | |V^{(0,0)}_{q;ζ} Δ | | | C ⟩ . (A.9)

The cross-cap state associated with an Op-plane satisfies [40] α^M_n |C⟩ = −(−1)^nD^M_N α̃^N_{−n}|C⟩ , b^M_r |C⟩ = iη(−1)^r D^M_N b̃^N_{−r}|C⟩ , (A.10)

– 22 – where η is the spin structure and α^N_n and b^M_r are the usual oscillator modes. The amplitude (A.9) becomes A ∝ [ a_1I_1 + a_2I_2 + a_3I_3 ] , (A.11)

where

a_1 = α^′ 2 [ (ξD)(kζk) + (ζD)(qξq) ] + 2s ( ξζ^T ) + α^′ 2 [ kζDξq + qξDζk ] − − α^′ 2 [ kζξ^T q + kζ^T ξq + kζξ^T Dq + kζ^T ξDq + kDζξ^T q + kDζ^T ξq ] , a_2 = α^′ 2 [ (ξD)(kDζDk) + (ζD)(qDξDq) ] + 2s(ζDξD) + α^′ 2 [ kDζξ^T Dq + kDζ^T ξDq ] + + α^′ 2 [ kζDξq + qξDζk − qDζDξDk − kDξDζDq ] , a_3 = −(2s − 1)(ξD)(ζD) , (A.12) and I_1 =

∫_1 0 dy y^{−t/2−1}(1 + y)^{2s−1} ,

I_2 =

∫_1 0 dy y^{−t/2}(1 + y)^{2s−1} ,

I_3 =

∫_1 0 dy y^{−t/2}(1 + y)^{2s−2} . (A.13)

The asymptotic expansion of the I_i’s for small momenta obtained by integrations by parts contains terms proportional to ln 2. Such terms are not expected to appear in the amplitude. The reason for the appearance of these terms is that the above amplitude is not gauge invariant unless the following relations hold: (t/2)I_1 = (2s−t/2)I_2 and (2s−1)I_3 = (t/2)I_1. By integrations by parts in the above expressions (A.13) it can be shown that these relations only hold up to boundary terms. The reason why the amplitude (A.11) and (A.12) is not gauge invariant can be traced to the fact that it was derived using the standard vertex operators in (A.9), however, on the cross-cap these are only gauge invariant up to boundary terms. For discussions of boundary (or contact) terms in string scattering amplitudes and their relation to gauge invariance, see e.g. [45]. Rather than rederiving the amplitude using the correct gauge-invariant vertex we will try to identify the required boundary terms by demanding that the amplitude be gauge invariant and that it correctly reproduces the leading order terms. We will also demand that the α^′ ln 2 terms should be absent since their presence would be in conflict with the fact that such terms are not present in the effective action for type-I string theory (type-I string theory is essentially 1 O9-plane and 32 D9-branes and since the D9-brane effective action does not contains α^′ ln 2 terms, such terms can not be present on the O9-plane either). We have found that if (2/t)(2s − t/2)I_2 = (2/t)(2s − 1)I_3 = I_1 =

∫_1 0 dy y^{−t/2−1}(1 + y)^{2s−1} + [(1 + y)^{2s−1}]^1_0 ∼ −^2_t − (t/2)^{π2}_{12} + · · · all requirements are satisfied. For instance, a check of the amplitude

– 23 –

Figure 1: Diagrams contributing to the scattering of a graviton off an orientifold plane. For clarity the diagrams are drawn on the cover space, i.e. the mirror process has been included.

is that it correctly reproduces the lowest order terms coming from the bulk supergravity action and from the terms localized on the O-plane. The diagrams that contribute to the two-graviton scattering are

Calculating these diagrams with the proper symmetry factors gives (the third diagram comes from the DBI part of the terms localized on the orientifold plane)

A_1 ∝ 2 t [ 2(s − t/2)(ξζ) − t(ξDζ) + 2qξDζk + (ξD)(kζk) + (ζD)(qξq) + + 2qξζk − 2kζξDk − 2qξζDq ] , A_2 ∝ 1 (2s−t/2) [ 2(t/2−s)(DξDζ)−2(2s−t/2)(ξDζ)+(ξD)(kDζDk)+(ζD)(qDξDq) + + 2qDξζDk + 2qDξDζDk − 2kDζDξDk − 2qDξDζDq ] , A_3 ∝ [ 2(ξDζD) + 2(ξζ) + 4(ξDζ) − (ξD)(ζD) ] . (A.14)

Notice that the second amplitude is obtained from the first one via ξ → DξD; k → Dk and that the first amplitude is the same as the one calculated in [44]. The sum of the above amplitudes (A.14) is gauge invariant under ξ_{MN} → ξ_{MN} + k_M ξ_N + k_N ξ_M . The string scattering amplitude is consistent with this result if I_1 ∼ 2/t, I_2 ∼ 1/(2s − t/2) and (2s − 1)I_3 ∼ 1.

From the above amplitude one can derive the α^{′2}R^2 terms localized on the Op-plane. The result is given in (3.11) (the result is independent of p). Although the above discussion of the boundary terms was incomplete, it is important to note that a more proper treatment of the boundary terms will not affect the π^2α^{′2} terms (which are gauge invariant) and hence will not affect (3.11), since it is not possible to get factors of π from boundary terms.

References

[1] I.R. Klebanov and E. Witten, Superconformal field theory on threebranes at a Calabi-Yau singularity, Nucl. Phys. B 536 (1998) 199 [hep-th/9807080].

[2] I.R. Klebanov, Tasi lectures: introduction to the AdS/CFT correspondence, hep-th/0009139.

[3] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200];

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109];

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

– 24 –

[4] I.R. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory: duality cascades and χSB-resolution of naked singularities, J. High Energy Phys. 08 (2000) 052 [hep-th/0007191].

[5] I.R. Klebanov and N.A. Nekrasov, Gravity duals of fractional branes and logarithmic RG flow, Nucl. Phys. B 574 (2000) 263 [hep-th/9911096].

[6] I.R. Klebanov and A.A. Tseytlin, Gravity duals of supersymmetric SU(N) × SU(N + M) gauge theories, Nucl. Phys. B 578 (2000) 123 [hep-th/0002159].

[7] C.P. Herzog, I.R. Klebanov and P. Ouyang, Remarks on the warped deformed conifold,

hep-th/0108101.

[8] C.P. Herzog, I.R. Klebanov and P. Ouyang, D-branes on the conifold and N = 1 gauge/gravity dualities, hep-th/0205100.

[9] K. Oh and R. Tatar, Renormalization group flows on D3 branes at an orbifolded conifold, J.

High Energy Phys. 05 (2000) 030 [hep-th/0003183];

J.M. Maldacena and C. Núñez, Towards the large-N limit of pure N = 1 super Yang-Mills, Phys. Rev. Lett. 86 (2001) 588 [hep-th/0008001];

C. Vafa, Superstrings and topological strings at large-N, J. Math. Phys. 42 (2001) 2798 [hep-th/0008142];

L.A. Pando Zayas and A.A. Tseytlin, 3-branes on resolved conifold, J. High Energy Phys. 11 (2000) 028 [hep-th/0010088];

B.S. Acharya, On realising N = 1 super Yang-Mills in M-theory, hep-th/0011089; M. Atiyah, J.M. Maldacena and C. Vafa, An M-theory flop as a large-N duality, J. Math. Phys. 42 (2001) 3209 [hep-th/0011256];

K. Dasgupta, K. Oh and R. Tatar, Geometric transition, large-N dualities and mqcd dynamics, Nucl. Phys. B 610 (2001) 331 [hep-th/0105066];

F. Cachazo, B. Fiol, K.A. Intriligator, S. Katz and C. Vafa, A geometric unification of dualities, Nucl. Phys. B 628 (2002) 3 [hep-th/0110028];

K. Dasgupta, K.-h. Oh, J. Park and R. Tatar, Geometric transition versus cascading solution, J. High Energy Phys. 01 (2002) 031 [hep-th/0110050].

[10] S. Frolov, I.R. Klebanov and A.A. Tseytlin, String corrections to the holographic RG flow of supersymmetric SU(N) × SU(N + M) gauge theory, Nucl. Phys. B 620 (2002) 84 [hep-th/0108106].

[11] S.G. Naculich, H.J. Schnitzer and N. Wyllard, 1/N corrections to anomalies and the AdS/CFT correspondence for orientifolded N = 2 orbifold models and N = 1 conifold models, Int. J. Mod. Phys. A 17 (2002) 2567 [hep-th/0106020].

[12] S.G. Naculich, H.J. Schnitzer and N. Wyllard, A cascading N = 1 Sp(2N + 2M) × Sp(2N) gauge theory, Nucl. Phys. B 638 (2002) 41 [hep-th/0204023].

[13] J. Polchinski, Dirichlet-branes and Ramond-Ramond charges, Phys. Rev. Lett. 75 (1995) 4724 [hep-th/9510017].

[14] D.R. Morrison and M.R. Plesser, Non-spherical horizons, i, Adv. Theor. Math. Phys. 3 (1999) 1 [hep-th/9810201].

[15] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246.

[16] S. Imai and T. Yokono, Comments on orientifold projection in the conifold and SO × USp duality cascade, Phys. Rev. D 65 (2002) 066007 [hep-th/0110209].

– 25 –

[17] C.-h. Ahn, S.-k. Nam and S.-J. Sin, Orientifold in conifold and quantum deformation, Phys.

Lett. B 517 (2001) 397 [hep-th/0106093].

[18] A.M. Uranga, Brane configurations for branes at conifolds, J. High Energy Phys. 01 (1999) 022 [hep-th/9811004];

K. Dasgupta and S. Mukhi, Brane constructions, conifolds and M-theory, Nucl. Phys. B 551 (1999) 204 [hep-th/9811139];

J. Park, R. Rabadán and A.M. Uranga, Orientifolding the conifold, Nucl. Phys. B 570 (2000) 38 [hep-th/9907086];

S. Sinha and C. Vafa, So and sp Chern-Simons at large-N, hep-th/0012136; J.D. Edelstein, K. Oh and R. Tatar, Orientifold, geometric transition and large-N duality for SO/Sp gauge theories, J. High Energy Phys. 05 (2001) 009 [hep-th/0104037]; H. Fuji and Y. Ookouchi, Confining phase superpotentials for SO/Sp gauge theories via geometric transition, hep-th/0205301.

[19] E. Witten, Phases of N = 2 theories in two dimensions, Nucl. Phys. B 403 (1993) 159 [hep-th/9301042].

[20] D.J. Gross and E. Witten, Superstring modifications of Einstein’s equations, Nucl. Phys. B 277 (1986) 1;

M.T. Grisaru, A.E.M. van de Ven and D. Zanon, Four loop β function for the N = 1 and N = 2 supersymmetric nonlinear sigma model in two-dimensions, Phys. Lett. B 173 (1986) 423.

[21] T. Banks and M.B. Green, Non-perturbative effects in AdS_5 × S^5 string theory and D = 4 SUSY Yang-Mills, J. High Energy Phys. 05 (1998) 002 [hep-th/9804170].

[22] C.P. Bachas, P. Bain and M.B. Green, Curvature terms in D-brane actions and their M-theory origin, J. High Energy Phys. 05 (1999) 011 [hep-th/9903210].

[23] B. Carter, Brane dynamics for treatment of cosmic strings and vortons, hep-th/9705172.

[24] M. Bershadsky, C. Vafa and V. Sadov, D-branes and topological field theories, Nucl. Phys. B 463 (1996) 420 [hep-th/9511222];

M.B. Green, J.A. Harvey and G.W. Moore, I-brane inflow and anomalous couplings on D-branes, Class. and Quant. Grav. 14 (1997) 47 [hep-th/9605033];

Y.-K.E. Cheung and Z. Yin, Anomalies, branes and currents, Nucl. Phys. B 517 (1998) 69 [hep-th/9710206].

[25] K. Dasgupta, D.P. Jatkar and S. Mukhi, Gravitational couplings and Z_2 orientifolds, Nucl.

Phys. B 523 (1998) 465 [hep-th/9707224];

B. Craps and F. Roose, Anomalous D-brane and orientifold couplings from the boundary state, Phys. Lett. B 445 (1998) 150 [hep-th/9808074];

B. Stefański Jr., Gravitational couplings of D-branes and o-planes, Nucl. Phys. B 548 (1999) 275 [hep-th/9812088];

J.F. Morales, C.A. Scrucca and M. Serone, Anomalous couplings for D-branes and O-planes, Nucl. Phys. B 552 (1999) 291 [hep-th/9812071].

[26] A. Fotopoulos, On (α^′)^2 corrections to the D-brane action for non-geodesic world-volume embeddings, J. High Energy Phys. 09 (2001) 005 [hep-th/0104146].

[27] A.L. Larsen and C.O. Lousto, Are higher order membranes stable in black hole spacetimes?, Phys. Rev. D 55 (1997) 7936 [gr-qc/9610051].

– 26 –

[28] B. Carter, R.A. Battye and J.-P. Uzan, Gradient formula for linearly self-interacting branes,

hep-th/0204042.

[29] R.R. Metsaev and A.A. Tseytlin, Order alpha-prime (two loop) equivalence of the string equations of motion and the sigma model weyl invariance conditions: dependence on the dilaton and the antisymmetric tensor, Nucl. Phys. B 293 (1987) 385.

[30] GrTensorII, available at http://grtensor.org.

[31] S.S. Gubser, A. Hashimoto, I.R. Klebanov and J.M. Maldacena, Gravitational lensing by p-branes, Nucl. Phys. B 472 (1996) 231 [hep-th/9601057].

[32] M.R. Garousi and R.C. Myers, Superstring scattering from D-branes, Nucl. Phys. B 475 (1996) 193 [hep-th/9603194].

[33] J.M. Maldacena and C. Núñez, Supergravity description of field theories on curved manifolds and a no go theorem, Int. J. Mod. Phys. A 16 (2001) 822 [hep-th/0007018]; C. Núñez, I.Y. Park, M. Schvellinger and T.A. Tran, Supergravity duals of gauge theories from F_4 gauged supergravity in six dimensions, J. High Energy Phys. 04 (2001) 025 [hep-th/0103080].

[34] M.A. Shifman and A.I. Vainshtein, Solution of the anomaly puzzle in SUSY gauge theories and the wilson operator expansion, Nucl. Phys. B 277 (1986) 456.

[35] E. Imeroni, On the N = 1 beta-function from the conifold, Phys. Lett. B 541 (2002) 189 [hep-th/0205216].

[36] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Exact Gell-Mann-Low function of supersymmetric Yang-Mills theories from instanton calculus, Nucl. Phys. B 229 (1983) 381.

[37] P. Di Vecchia, A. Lerda and P. Merlatti, N = 1 and N = 2 super Yang-Mills theories from wrapped branes, hep-th/0205204.

[38] C.A. Scrucca and M. Serone, A note on the torsion dependence of D-brane RR couplings, Phys. Lett. B 504 (2001) 47 [hep-th/0010022].

[39] C.G. Callan, C. Lovelace, C.R. Nappi and S.A. Yost, String loop corrections to β functions, Nucl. Phys. B 288 (1987) 525.

[40] C.G. Callan, C. Lovelace, C.R. Nappi and S.A. Yost, Adding holes and crosscaps to the superstring, Nucl. Phys. B 293 (1987) 83.

[41] C.G. Callan, C. Lovelace, C.R. Nappi and S.A. Yost, Loop corrections to superstring equations of motion, Nucl. Phys. B 308 (1988) 221.

[42] I.R. Klebanov and L. Thorlacius, The size of p-branes, Phys. Lett. B 371 (1996) 51 [hep-th/9510200].

[43] A. Hashimoto and I.R. Klebanov, Scattering of strings from D-branes, Nucl. Phys. 55B (Proc. Suppl.) (1997) 118 [hep-th/9611214].

[44] S. Corley, D.A. Lowe and S. Ramgoolam, Einstein-Hilbert action on the brane for the bulk graviton, J. High Energy Phys. 07 (2001) 030 [hep-th/0106067].

[45] M. Gutperle, Contact terms, symmetries and D-instantons, Nucl. Phys. B 508 (1997) 133 [hep-th/9705023];

M.B. Green and N. Seiberg, Contact interactions in superstring theory, Nucl. Phys. B 299 (1988) 559.

– 27 –